In this paper, we investigate the asymptotic behavior of the solutions for the equations of Benjamin-Bona-Mahony's type with a time delay. We prove the global existence of solutions and energy decay. By using the Liapunov function method, we shall show that the solution is exponentially decay if the delay parameter τ is sufficiently small.
Introduction
In this paper, we consider a family of dispersive equations of Benjamin-Bona-Mahony's type under the effect of dissipation, and we will investigate the asymptotic behavior of the solutions. Our model can be written in the abstract form 
which describes the unidirectional propagation of weakly nonlinear dispersive long waves where Burger's type dissipation is considered. 
where x(t) is understood to change with time at u = dx dt
. However, we might have a delay τ to u. In this case the rate of change of u with the delay τ should be
This clearly shows how we obtain the time-delay term u( 
For each σ ∈ R we shall denote by H σ ( ) the usual Sobolev space of order σ . By H σ per ( ), σ ≥  we shall indicate the space of functions periodic in the sense of (.). If g ∈ H σ per ( ) then g has an expansion in a Fourier series,
The norm of g in H σ
per ( ) will be denoted by
which is equivalent to H σ ( ) norm, σ ≥ , according to Temam [] . We shall denote bẏ
The spaceḢ σ ( ), σ ∈ R + , is the space of functions g ∈ L  ( )) such that g satisfies (.) The operators M and L of (.) are pseudo-differential operators of orders μ and s, respectively, with
and
where m and l are the principal symbols of the operators M and L, respectively. We assume from now on that the symbols m and l are even functions of k that satisfy the growth conditions:
(i) There exist constants c  , c  >  such that
(ii) There exist constants c  , c  >  such that
The domains of operators M and L are given by 
([a, b]; X).
The main result of this paper is stated as follows. 
Theorem . For any initial condition u
 = u  (x, s) ∈ C([-τ , ],Ḣ μ  per ( )), μ ≥ , s ≥ ,
Theorem . Under the assumption of Theorem
This paper is organized as follows. In next section, we prove the existence of the solution. Furthermore, we show that the solution is exponentially decay by using the Liapunov function method.
Exponential decay estimates
Firstly, we briefly show that problem (.)-(.) is well posed. To conveniences, we de-
Proof of Theorem . By the standard methods as in [] , it is easy to prove that for ev-
Furthermore, for any τ > , the solution of (.)-(.) does not blow up in finite time. Indeed, multiplying (.) by u, integrating by parts, we obtain, for  ≤ t ≤ τ ,
By the Young inequality, we get
which implies that
where
) is a positive constant depending on u 
. Repeating the above procedure, we can prove that, for nτ ≤ t ≤ (n + )τ (n = , , . . .),
.
In summary, we have proved Theorem ..
Secondly, we prove that our main result about the exponential stability. To this end, we introduce the following notations. For a given initial condition
and let τ  be small enough, such that for any τ ,
Proof of Theorem . Let
and M / u(t) is continuous, we have T  > . We shall prove that T  = +∞. For this, we argue by contradiction. If T  < +∞, then we have
Multiplying (.) by u, then integrating on with respect to x, we obtain
Since 
u(t) u(t -τ ) -u(t) u x (t) dx.
We now majorize in the right hand side of (.). Firstly, since u(x, t) ≤ u x (x, t) , ≤ x ≤ , we have 
